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Nomenclature
Cp, C; = dragand lift coefficients, respectively
= numerical parameter

N = number of vortices created every time step
Nr = total number of vortices present in the flow
P, Q = random numbers between 0 and 1, drawn from

a uniform density distribution
Re,Sr = Reynolds and Strouhal numbers, respectively, based

on the cylinder diameter
radial distance from a vortex

‘
1l

Presented as Paper 98-2409 at the AIAA 16th Applied Aerodynamics
Conference, Albuquerque, NM, 15-18 June 1998;received 5 February 1999;
revision received 3 November 1999; accepted for publication 16 December
1999. Copyright © 2000 by the American Institute of Aeronautics and
Astronautics, Inc. All rights reserved.

*Graduate Student, Department of Mechanical Engineering, EE/COPPE,
C.P. 68503.

TAssociate Professor, Department of Mechanical Engineering,
EE/COPPE, C.P. 68503. Senior Member AIAA.

iVisiting Professor, Department of Mechanics, IEM, C.P. 50.

t, At = time and time step, respectively

u,v = x and y components of velocity field

X,y = Cartesian coordinates

Z,Z = complex variable, x + iy, and complex conjugate

T = vortex strength (positive counterclockwise)

Ar, AO = radial and polar angle random increments, respectively

g = distance between generated vortices and cylinder
surface

c = vortex core radius

10} = vorticity

Subscripts

c = convection

d = diffusion

im = inverse image of a vortex

0 = circumferential direction

Introduction

HE flow around a circular cylinder is characterized by several

differentregimes, dependingon the value of the Reynolds num-
ber. These regimes range from steady Stokes-type flows to strongly
unsteady flows, where a von-Kdrman-type periodic wake is formed.
Among the methods reported in the literature that have been used
to simulate this flow, the (Lagrangian) discrete vortex method' 3
has been playing an important role. In this work, we propose a
novel algorithm of the vortex method that is able to produce effec-
tive calculations of global quantities for flows around bluff bodies.
Our objectives are 1) to develop an alternative algorithm within the
Lagrangiandiscrete vortex method framework, where a new vortic-
ity generation scheme is implemented; 2) to identify the influence
of the numerical parameters; and 3) to calculate mean quantities of
the flow and compare the results to others available in the literature.

Mathematical Background

We consider the two-dimensional, incompressible, unsteady and
high-Reynolds-number flow around a circular cylinder, immersed
in an unbounded region with a uniform flow upstream. This flow,
started impulsively from rest, is governed by the continuity and the
Navier-Stokes equations, subject to the impermeability and no-slip
conditions on the cylinder, and uniform flow at infinity. Alterna-
tively, we can use the nondimensional vorticity equationin the form

—+u-Va)=iV2a) (1)
ot Re

All of the equations are made nondimensional by the freestream
speed and the cylinder radius. Because the vorticity is modeled as
a cloud of discrete vortices, we can use the circle theorem* to con-
struct the velocity field such that it satisfies the continuity equation,
the condition at infinity, and the impermeability condition. Thus, a
general expression for the complex velocity is

1 i NN T i r
w—iv=[1-=)- LS _+ Ly _» _
( Z2> Zﬂ,;z—zn(t) 2ﬂ;z—zim,n(t)
)

where zim ,(t) =1/Z,(t). From the unsteady Blasius formula,* the
aerodynamic forces can be written as

Nt
Cp +iCp =i Y Tl + iv,) = iy + Vi) (3)

n=1

Numerical Method and Implementation

The numerical method is implemented in five steps: 1) vorticity
generation, 2) calculation of the forces on the body, 3) convection
of the vortices, 4) diffusion of the vortices, 5) elimination of some
vortices, and 6) stepping in time. The vorticity generation is car-
ried out as follows. At each time step, N new vortices are created
a small distance ¢ off the body surface, at a radial distance 1 + &,
with a uniform angular distribution. Their strengths are determined
by imposing the no-slip condition at N — 1 points on the cylinder
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surface, right underneath the newly created vortices. The velocities
due to the freestream flow, the dipole, and all of the vortices in
the wake (and their images) are computed at the N — 1 points of
the cylinder surface, and this contribution is added to the veloci-
ties induced by the new vortices (and their images) and equated to
zero. Thus, N — 1 equations can be written out for the N unknowns
(the strengths of the new vortices). The Nth equation is a state-
ment of conservation of circulation, where the sum of all vortices,
with known and unknown strengths, must equal zero. This proce-
dure yields an algebraic system of N equations and N unknowns.
The elements of the N X N matrix depend only on the positions of
the vortices just created and on the points on the cylinder surface
where the no-slip conditionis imposed and are calculatedonly once
for the simulation. The right-handside of the system is recalculated
every time step. Vortices that penetrate the body are eliminated, and
the lost circulation is compensated for in the next time step.

Vorticity convection and diffusion are simulated using the
operator-splittingalgorithm,' that is,

0
22 ot u-Vo =0 (4a)
ot
o 2
2 Vo (4b)
ot Re

For the convective process, governed by Eq. (4a), the Lagrangian
motion of each vortex is determined by integration of the vortex
path equation. Using a first-order Euler scheme, we have

Ax, =ult %)

whereu is calculated from Eq. (2). The process of viscousdiffusion,
governed by Eq. (4b), is simulated using the random walk method,
where the vortex displacementsare

Ax, = Ar cos(A6) (62)
Ay, =Arsin(A0) (6b)
Ar =| 8Re™' Atla(1/P)] 2 (7a)
AO =270 (7b)

To desingularize the point vortices, we use Lamb vortices for
r <o, whose velocity is

ug =(T/27r){l — exp[—5.0257(r*/ 6%)]} ®)

The core radius, kept constant during the simulation, is given by
o = 6.3408(At/Re)''?, which provides a difference between the
induced velocity of a point vortex and Eq. (8) of less than 0.6%.
Based on a convective length scale of order 27/ N (characterizing
the distance between adjacent vortices generated at the surface) and
a velocity scale of the order of the freestream speed, the time step
is estimated from At =27k/N. The parameter k, where 0 < k < 1,
representsan upper bound on the maximum allowed convectivestep
of a vortex; in the computations we used kK =0.25. These equations
for o and At provide nominal values for these parameters. We also
set the distance ¢ off the cylinder surface equal to o for all of the
cases studied.

Results and Discussion

The results presented hereafter refer to Re =1.0 X 10°. For this
(high) value, the boundary layer is still laminar prior to separation,
although the wake is turbulent. According to the experimental re-
sults of Blevins® Cp =1.20 and Sr =0.19, with 10% uncertainty.
The results of the simulations for all the cases studied, obtained
for a long dimensionlesstime (¢ >45), are shown in Table 1. Cases
1 and 9 use nominal values of the numerical parameters, and the
other cases allow for a sensitivity analysis of these parameters to
be carried out. As the value of ¢ increases with respect to case 1

Table1 Numerical parameters, Re =1.0 X10°

Case N At o=¢ Cp Sr

12 16 0.10 0.0064 0.79 0.25
2 16 0.10 0.0128 1.16 0.22
3 16 0.05 0.0032 0.88 0.28
4 16 0.05 0.0045 1.05 0.26
5 16 0.05 0.0064 1.23 0.23
6
7
8
9

16 0.05 0.0080 1.36 0.22
16 0.05 0.0128 1.41 0.21
32 0.05 0.0032 1.13 0.24
32 0.05 0.0045 1.22 0.22

10 32 0.05 0.0080 1.42 0.20
11 32 0.10 0.0045 0.84 0.25
12 32 0.10 0.0064 1.06 0.23

4Boldface indicates nominal parameters.

Fig.1 Position of the wake vortices at ¢ = 60 for case 9.

(e.g., case 2), for N =16 and fixed At, the value of Cj increases
and that of the Strouhal number decreases, approaching the experi-
mental ones. When ¢ goes from 0.0032 to 0.0128 (cases 3-7) there
is again a monotonic increase of Cp and a monotonic decrease
of Strouhal number. The same trends are observed with respect
to case 9 (e.g., case 8), for N =32 and fixed At. Comparison of
cases 1 and 5 (for N =16), or cases 9 and 11 (for N =32), keep-
ing & constant, shows that reducing At yields better estimates of
Cp and Strouhal number. For N =32, case 9 provides more accu-
rate results than case 1, and, therefore, the equations for o (and €)
and At provide better estimates of these parameters. The effect
of increasing N, keeping At and ¢ fixed, can also be seen when
we compare case 8§ with case 3, case 9 with case 4, and case 10
with case 6. For these comparisons, an increasein N also increases
the value of Cp and decreases Strouhal number. Higher values
of N causes the computation to become more expensive because
the operation count of the algorithm is proportional to N7. A fast-
summation scheme, such as the multipole technique,’ corrects this
problem.

The properties of the numerical method can be described as fol-
lows. The equation for At provides a stability criterion through the
choice of k and N, where N is chosen as large as possible. Because
the velocity is a random variable, the convergence of the method
can be expected only in the mean,' and it can be appreciated as At
decreases or N increases because the Strouhal number approaches
the experimentalvalue 0.19. For this flow the Strouhalnumber is rel-
atively insensitive to the three-dimensionaP and turbulence effects
present in the experiments, as opposed to Cp, which is expected
to be higher in the simulations than in the experiments. From the
accuracy viewpoint, the random walk method produces errors pro-
portional to \/(At/Re), whereas the error due to the convection
algorithm is proportional to A¢. N must be as large as possible to
maintain a minimum number of new vortices in the flow, given that
each vortex has an increasing number of opportunities to cross the
cylinder surface and disappear as At is reduced. Finally, Table 1
clearly shows that the results improve their accuracy as € increases,
for fixed At and N. This trend has not been reported in the literature
so far.

Figure 1 shows the position of the wake vortices for case 9 at
t =60. We can clearly observe the separation and the vortex for-
mation, shedding, and pairing processes. The variation in time of
the aerodynamic forces (Fig. 2) shows that, as soon as the steady
periodic regime is reached, the lift coefficient oscillates about zero
with a Strouhal number about twice the frequency of the drag co-
efficient. Comparing case 9 with the experimental results, we note
a 1.7% differencein Cp and 15.8% difference in Strouhal number.



1102 AIAA JOURNAL, VOL. 38, NO. 6: TECHNICAL NOTES

2~001I|)|IIIIIIlIIIIIIIIIIIII__

Cp

-1.00

Lift and Drag Coefficients
(=]
o
o

IIII|III|

_2.00IlIIi!lll‘lll?‘llllll!llllll!—

0.00 10.00 20.00 30.00 40.00 50.00 60.00
Dimensionless Time

Fig.2 Variation of Cp and C;, with time for case 9.

Ogami and Ayano® computed C, =1.07, using a Lagrangian vis-
cous vortex method (they did not calculate the Strouhal number).
The general agreement between the two numerical methods is ac-
ceptable for the mean drag coefficient, and both results are close to
the experimental values. However, the three-dimensional and tur-
bulence effects present in the experiments are nonnegligible for the
Reynolds number used in the simulations, and a two-dimensional
computation must produce higher values for the drag coefficient, as
obtained in our simulation.

Conclusions

The vortex method presented here to study the two-dimensional,
incompressible, unsteady flow around a fixed circular cylinder is
able to predictthe main globalquantitiesof a high-Reynolds-number
flow. The calculatedaerodynamicforces are close to the experimen-
tal and numerical data used for comparison. Also, the simulations
are able to capture complex flow mechanisms, such as separation,as
part of the computation. The analysis of the influence of the numer-
ical parameters on the simulation has pointed out the importance
of choosing suitable values for N, At, and &, and the trends when
these parametersare varied have also been identified. The numerical
results also brought up that € strongly affects the simulations and,
therefore, must be modeled correctly. This is an important output of
this work.
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Introduction

HE development of thin-plate and shell theories has received

much attentionover the past century,' > but only more recently
has attention been drawn to thick-plate and shell theories with con-
sideration of transverse shear deformation in multilayered compos-
ite plates and shells. Reddy* developed a simple higher-order the-
ory for laminated composite plates where the two transverse shear
stresses vanish on the top and bottom surfaces and the displacement
field is formed by setting the two corresponding strains to zero.
Soldatos and Hadjigeorgiow’ employed the governing equations of
three-dimensionallinear elasticity and solved them by using an it-
erative approach for the prediction of the frequencies of vibration.

Voyiadjis and Shi® developed a refined higher-order, two-
dimensional theory for thick cylindrical shells with very good ap-
proximations for the shell constitutive equations and the nonlinear
distributionsof in-planestresses across the thicknessof the shell. On
the basis of shear deformation theory, Kabir and Chaudhuri’ used a
double Fourier series to obtain analytical solution of the free vibra-
tion of antisymmetricalangle-ply laminated shells. Soldatos® devel-
oped a refined shear deformable theory that accounts for parabolic
variation of transverse shear strains and is capable of satisfying zero
shear traction boundary conditions at the external shell or plate sur-
face without making use of transverse shear correction factors. An
approachbasedon Galerkin’s method was used to solve the problem.
Touratier” provided a generalized shear deformation theory for ax-
isymmetrical multilayered shells. The shear forces were taken into
account using “shear” functions introduced in the assumed kine-
matics. In the vibrationand stability analyses of cross-ply laminated
cylindricalshells,Nosierand Reddy'® developedanew techniqueby
generating Levy-type solutions and using an extension of Donnell’s
classical equations to first-order shear deformation theory.

In this Note, an improved general higher-order, thick-laminated-
shell theory is established to analyze vibration of thick cylindrical
shells. There are five unknowns in this theory, as in the first-order
theory, but they have different physical meanings and include two
additional rotations due to transverse shear forces. The theory is
based on a summation of displacements of classic thin-shell theory
and displacementsdue to transverseshearforces. The displacements
due to transverse shear forces are in the form of cubic functions of
the thickness coordinate that satisfy the parabolic distributionof the
transverseshearstresses and zero transversenormal strain. The min-
imum total potential energy principleis used to obtain the frequen-
cies of cylindrical shells. The effect of transverse shear force resul-
tants on frequency characteristicshas been studied by investigating
the frequency variations with transverse shear correction factor K.
Numerical results of the higher-order shear deformation theory and
the first-order shear deformation theory are compared with exist-
ing results in the literature. The frequency characteristics for thick
laminated composite cylindrical shells with different thickness-
to-radius H/R and length-to-radius L/R ratios is presented
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